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Abstract. The uncertainty principle is one of the comprehensive and fundamental
concept in quantum theory. This principle states that it is not possible
to simultaneously measure two incompatible observatories with high accuracy.
Uncertainty principle has been formulated in various form. The most famous type
of uncertainty relation is expressed based on the standard deviation of observables.
In quantum information theory the uncertainty principle can be formulated using
Shannon and von Neumann entropy. Entropic uncertainty relation in the presence
of quantum memory is one of the most useful entropic uncertainty relations. Due
to their importance and scalability, solid state systems have received considerable
attention nowadays. In this work we will consider a quantum dot system as a solid state
system. We will study the quantum correlation and quantum memory assisted entropic
uncertainty in this typ of system. We will show that the temperature in of quantum dot
system can affect the quantum correlation and entropic uncertainty bound. It will be
observed that the entropic uncertainty bound decreases with decreasing temperature
and quantum correlations decreases with increasing the temperature.
Keywords: quantum coherence, entropic uncertainty relation, Heisenberg XYZ model
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1. Introduction
According to the fundamental role of quantum correlations in quantum information
theory, this subject has been extensively studied in recent years [1–8]. It makes a variety
of applications possible in quantum information theory such as quantum teleportation
[6, 9], quantum cryptography [10], quantum dense coding [11], quantum computing
[12–14] and quantum communication [15, 16]. In previous decades, it has been thought
that the only correlation in quantum information theory is entanglement. Hence,
different criteria were introduced to measure the entanglement, including concurrence
‡ Corresponding author
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[2], von Neumann entropy, negativity and logarithmic negativity [17, 18], entanglement
cost [19, 20], entanglement of formation [2], squashed entanglement [21], robustness
of entanglement for bipartite entanglement [22], tangle [23, 24], relative entropy [25],
generalized concurrence [26–29], geometric measures [30–32], global entanglement [33,34]
and Scott measure [35–39]. It has been shown that quantum entanglement does not cover
all aspects of quantum correlations [40, 41]. Therefore, it was necessary to introduce
a new criterion for quantum correlations. Up to now, various measures have been
introduced to quantify the quantum correlation and each of them has specific features.
Some of these measures are quantum discord (QD) [42–44], geometric QD [45–48], global
geometric QD [47] and super QD [49–51]. Among the correlation criteria mentioned
above, concurrence and QD are used more than other ones. The uncertainty principle
is another comprehensive and fundamental concept in quantum theory which was
proposed by Heisenberg [52]. The uncertainty principle states that it is not possible
to measure two incompatible observatories simultaneously and with high accuracy.
The uncertainty relation can be written in different form. The most famous type of
uncertainty relation is expressed based on the standard deviation of observables [53,54].
It has been shown that the uncertainty principle can be formulated using the quantities
describing entropy [55, 56]. Entropic uncertainty relation (EUR) in the presence of an
additional particle that is used as a quantum memory is one of the most useful entropic
uncertainty relations [57]. It is known as quantum memory assisted entropic uncertainty
relation (QMA-EUR). Entropic uncertainrt relations have a wide range of applications
such as quantum key distribution [58, 59],quantum cryptography [10], and quantum
metrology [60]. In recent years, much work has been done to improve the EUR [61–71].
In some works, the relationship between quantum correlations and the QMA-EUR has
also been investigated [72–95].
Due to their importance and scalability, solid state systems have received
considerable attention nowadays. The main goal in solid state quantum physics is
creating and determining quantum correlations between individual electrons. The main
motivation for these studies comes from the fact that the recent experimental processes
in the field of quantum information has led to experimental realization of one and two-
qubit utilization electron spin qubits in quantum dots [96–99] and coherent control of
spins in diamond [100, 101]. Quantum-dot devices present a well-controlled object to
study the quantum many-body physics.
In this work, we will study the QMA-EUR and its relation with QD and concurrence
in an isolated quantum dot, in terms of different parameters of the quantum dot. The
paper is structured as follows: In Sec. 2, we review the quantum correlation measures
used in this work. In Sec. 3, the issue of uncertainty principle will be reviewed . In Sec.
4, the quantum dot system will be described. In Sec. 5, we will study the QMA-EUR
and quantum correlation in quantum dot system. Finally, conclusions are presented in
Sec.6.
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2. Concurrence and quantum discord
As mentioned in the introduction, there are several criteria for measuring quantum
correlations. In this work, we use two practical and optimal criteria, namely concurrence
and QD, to measure the quantum correlation in quantum dot system. For a bipartite
quantum system the concurrence is given by [102]
C = max{0, λ1 − λ2 − λ3 − λ4}, (1)
where λi’s are the eigenvalues, in decreasing order, of the Hermitian matrix R =√√
ρAB ˜ρAB
√
ρAB with ˜ρAB = (σy ⊗ σy)ρ⋆AB(σy ⊗ σy), where ρ⋆AB is the complex
conjugate of ρAB and σy is the y-component of the Pauli matrices. If the density
matrix of the quantum system has an X-structure form in the computational basis
{|00〉, |01〉, |10〉, |11〉} i.e.
ρAB =


ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ32 ρ33 0
ρ41 0 0 ρ44

 , (2)
then the concurrence can be obtained as
C = 2max0, C1, C2, (3)
where C1 = |ρ23| −√ρ11ρ44 and C2 = |ρ14| −√ρ22ρ33. For the state given in Eq.(2), the
QD can be obtained as [42, 43]
QD = min(Q1, Q2), (4)
where
Qj = H (ρ11 + ρ33) +
4∑
i=1
ηi log2 ηi +Dj , (5)
in which η’s are eigenvalues of density matrix and
D1 = H(α),
D2 = −
∑
i
ρii log2 ρii +H(ρ11 + ρ33), (6)
where H(x) = −x log2 x− (1− x) log2(1− x) and α = (1 + τ)/2 with
τ =
√
[1− 2 (ρ33 + ρ44)]2 + 4 (|ρ14|+ |ρ23|)2. (7)
3. Quantum memory assisted entropic uncertainty relation
The principle of uncertainty is one of the fundamental features of quantum theory
first introduced by Heisenberg [52]. In Refs. [53, 54], Schrodinger and Robertson have
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provided the uncertainty relation based on standard deviation of two incompatible
observable Q and R as
∆Q∆R ≥ 1
2
|〈[Q,R]〉|, (8)
where ∆X =
√〈X2〉 − 〈X〉2 with X ∈ {Q,R} is the the standard deviation of X , 〈X〉
shows the expectation value of operator X and [Q,R] = QR−RQ. The lower bound of
Eq.(8) depends on the state of the system, which is a defect for this uncertainty relation.
In order to solve this problem, the uncertainty relation in terms of Shannon entropy was
defined as follows [55, 56]
H(Q) +H(R) ≥ log2
1
c
(9)
where H(Q) =
∑
i pi log2 pi and H(R) =
∑
j mj log2mj are the Shannon entropy,
pi = 〈qi|ρ|qi〉,mj = 〈rj|ρ|rj〉 and c = maxi,j{|〈qi|rj〉|2} where |qi〉 and |rj〉 are eigenstates
of observables Q and R, respectively. The EUR was expanded by Bertha by considering
an additional quantum system as quantum memory. This type of EUR known as QMA-
EUR and is given by [57]
S(Q|B) + S(R|B) ≥ log2
1
c
+ S(A|B), (10)
where S(Q|B) = S(ρQB) − S(ρB) and S(R|B) = S(ρRB) − S(ρB) are the conditional
von-Neumann entropies of the post measurement states
ρQB =
∑
i (|qi〉 〈qi| ⊗ I) ρAB (|qi〉 〈qi| ⊗ I) ,
ρRB =
∑
j (|rj〉 〈rj | ⊗ I) ρAB (|rj〉 〈rj| ⊗ I) ,
(11)
and S(A|B) = S(ρAB) − S(ρB) is the conditional von Neumann entropy. In general
QMA-EUR can be explained by a two-player game between Alice and Bob. At the
beginning of the game, Bob prepares a bipartite and correlated state ρAB then he sends
part A to Alice and keeps another part B by himself. Part B is used as the quantum
memory. In the next step Alice and Bob Reach an agreement on measurement of two
observables Q and R. Alice does her measurement on part B and declares her choice
of the measurement to Bob via classical communication. Bob tracks to minimize his
uncertainty about the outcome of Alice measurement .
In Ref. [67], Adabi et al. provided, the new bound for QMA-EUR which is tighter
than Bertha’s lower bound. Their QMA-EUR is given by
S(Q|B) + S(R|B) ≥ log2
1
c
+ S(A|B) + max{0, δ} (12)
where
δ = I(A;B)− (I(Q;B) + I(R;B)) (13)
and
I(X ;B) = S(ρB)−
∑
x
pxS(ρ
B
x ), X ∈ {Q,R}, (14)
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Eq.14 is known as Holevo quantity, px = trAB(Π
A
x ρ
ABΠAx ) is the probability of x-th
outcome and ρBx =
trA(Π
A
x ρ
ABΠAx )
px
is the state of the Bob after the measurement of X by
Alice. In this work we will use Adabi’s QMA-EUR in our calculations. In this work,
we also choose Q = σx and R = σz and investigate the relation between quantum
correlation and entropic uncertainty bound (EUB). Since the mutual information and
corresponding Holevo quantity are obtained as
I(A;B) = − (ρ11 + ρ22) log2(ρ11 + ρ22)
− (ρ33 + ρ44) log2(ρ33 + ρ44)
− (ρ11 + ρ33) log2(ρ11 + ρ33)
− (ρ22 + ρ44) log2(ρ22 + ρ44)
+
∑
i
ηi log2 ηi, (15)
I(Z;B) = − (ρ11 + ρ22) log2(ρ11 + ρ22)
− (ρ33 + ρ44) log2(ρ33 + ρ44)
− (ρ11 + ρ33) log2(ρ11 + ρ33)
− (ρ22 + ρ44) log2(ρ22 + ρ44)
+
∑
i
ρii log2 ρii, (16)
I(X ;B) = 1− (ρ11 + ρ33) log2(ρ11 + ρ33)
− (ρ22 + ρ44) log2(ρ22 + ρ44)
+
∑
i
ξi log2 ξi, (17)
where ξ1 = ξ2 = (1 − k)/4 and ξ3 = ξ4 = (1 + k)/4 and k =√
4(ρ14 + ρ23)(ρ23 + ρ41) + (1− 2(ρ22 + ρ44))2.
4. Quantum dot system
The quantum dot universal Hamiltonian with the magnetic field is given by [103–105]
H =
∑
ns
ǫnd
†
nsdns −EsSˆ2tot −EzSZ
+ Ec(Nˆ −N0), (18)
where Nˆ =
∑
ns d
†
nsdns is the total number operator of electrons in the dot and N0 can
be controlled via a nearby gate voltage. Here, we assume that the dot is tuned into
a Coulomb-blockade valley with an even integer electron number (N0 = 2). So, the
two active orbital levels is labeled with n = ±1. The level spacing δ = ǫn=+1 − ǫn=−1
between the last filled and first empty orbital level is tunable. δ can be controlled using
an externally applied magnetic field. Sˆtot =
1
2
∑
nss′ d
†
nsσss′dns′ is the operators of total
spin occupying the spins s = | ↑〉 or | ↓〉. Es, Ec and Ez represents the exchange,
charging and Zeeman energies respectively. The Hamiltonian in Eq.(18) shows the
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electron-electron interaction. This interaction is almost weak at the mean field level. If
the level spacing δ is close enough the system will form triplet states to obtain energy
from the Hund’s rule by regularizing the level occupancy. The lowest energy singlet
state and the three components of the competing triplet state can be defined by means
of the total spin quantum number S = 0, 1 and its z-projection SZ [106]
|1, 1〉 = d++1↑d+−1↑|0〉,
|1, 0〉 = 1√
2
(
d++1↑d
+
−1↓ + d
+
+1↓d
+
−1↑
) |0〉,
|1,−1〉 = d++1↓d+−1↓|0〉,
|0, 0〉 = d+−1↑d+−1↓|0〉,
(19)
where |0〉 is ground state of the dot with N0−2 electrons. The transition between states
in the above equations can be described by the following operator
Snn′ =
1
2
P
∑
ss′
d+nsσss′dn′s′P (20)
where P =∑s,sz |S, Sz〉 〈S, Sz| is the projection onto the lowenergy multiplet in Eq.(19).
Near the singlet–triplet transition, the two-electron quantum dot acts as a bipartite
system. Considering the existing correspondence, it is possible to define the relations
between the states of two fictitious 1/2-spins and the states in Eq.(19) as [106]
|1, 1〉 ⇔ |↑1↑2〉 ,
|1, 0〉 ⇔ 1√
2
(|↑1↓2〉+ |↓1↑2〉) ,
|1,−1〉 ⇔ |↓1↓2〉 ,
|0, 0〉 ⇔ 1√
2
(|↑1↓2〉 − |↓1↑2〉) .
(21)
Clearly, in terms of these spins the reduced Hamiltonian of isolated dot model given by
Eq.(18) can be written as
Hˆ =
k0
4
Sˆ1 · Sˆ2 − γB0SˆZ , (22)
where Sˆ1,2 are the spin operators, k0 = δ − 2Es is the deference between the energy
of the singlet and triplet states. γ is the gyromagnetic ratio and B0 is the magnetic
field. In the following, we set ~ = 1 and the Boltzmann constant K = 1 it to simplify
the calculations. The eigenstate and eigenvalues of the reduced Hamiltonian can be
obtained as
H |ψ1〉 = E1 |ψ1〉 =
(
k0
16
+ γB0
) |↓1↓2〉 ,
H |ψ2〉 = E2 |ψ2〉 =
(
k0
16
− γB0
) |↑1↑2〉 ,
H |ψ3〉 = E3 |ψ3〉 = k016 1√2 (|↑1↓2〉+ |↓1↑2〉) ,
H |ψ4〉 = E4 |ψ4〉 = −3k016 1√2 (|↑1↓2〉 − |↓1↑2〉) ,
(23)
where |ψ3〉 and |ψ4〉 are maximally entangled Bell states, while |ψ1〉 and |ψ2〉 are product
state with zero entanglement.
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5. Quantum correlation and entropic uncertainty relation in quantum dot
system
The density matrix describing the quantum dot at thermal equilibrium is defined as a
statistical mixture mixture of Hamiltonian eigenstates
ρT =
1
Z
∑
i
exp(−Ei
T
)|ψi〉〈ψi|, (24)
where Z = tr(exp(−H/T )) is the partition function. In the standard basis
{|00〉, |01〉, |10〉, |11〉} the density matrix ρT has X-structure and it can be written as
ρT =
1
Z


u 0 0 0
0 w y 0
0 y w 0
0 0 0 v

 , (25)
where the matrix elements are given by
u = exp
(
−k0 − 16γB0
16T
)
,
w =
1
2
[
exp
(
− k0
16T
)
+ exp
(
3k0
16T
)]
,
y =
1
2
[
exp
(
− k0
16T
)
− exp
(
3k0
16T
)]
,
v = exp
(
−k0 + 16γB0
16T
)
,
(26)
and the partition function is Z = u + v + 2w. From Eq.(3), the concurrence of the
quantum dot system is obtained as
C(ρT ) =
2
Z
max{|y| − √uv}. (27)
From Eq.(4), the QD of the Quantum dot system is obtained as
QD = min{Q1, Q2} (28)
with
Qj = H(u+ w)− S(ρT ) +Dj (29)
where S(ρT ) is the von Neumann entropy of the quantum dot system and
D1 = H(
1 +
√
(1− 2(w + v))2 + 4|y|2
2
), (30)
D2 = − u log2 u− 2w log2w − v log2 v +H(u+ w).
In a similar way, by substituting the elements of the density matrix ρT in Eqs.(15), (16)
and (17), the lower limit of the uncertainty relationship can be obtained.
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Figure 1. Entropic uncertainty bound, concurrence and quantum discord for an
isolated quantum dot in terms of temperature with B0 = 1, γ = 1 (a)k0 = 10. (b)
k0 = 5. (c) k0 = 3.
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Figure 2. Entropic uncertainty bound, concurrence and quantum discord for an
isolated quantum dot in terms of the deference between the energy of the singlet and
triplet states k0 with B0 = 1, γ = 1 (a)T = 0. (b) T = 1. (c) T = 2.
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Figure 3. Entropic uncertainty bound, concurrence and quantum discord for an
isolated quantum dot in terms of magnetic field B0 with k0 = 10, γ = 1 (a)T = 0. (b)
T = 1. (c) T = 2.
Now, let us study the EUB, concurrence and quantum discord as a function of the
temperature, the deference between the energy of the singlet and triplet states k0, and
Magnetic field B0.
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In Fig.1 we have plotted EUB and concurrence and QD versus temperature for
specific value of B0 and k0. As can be seen EUB increases with increasing temperature,
while quantum discord and concurrence decreases with increasing temperature. Of
course, this is quite logical, because with the reduction of quantum correlation between
parts A and B, the value of uncertainty increases. It is also observed that the EUB
increases with decreasing the parameter k0. In Figs. 1(a) and 1(b) we have γB0 < k0/4,
in this situation the ground state at zero temperature is |ψ4〉, which is the maximally
entangled state so for k0 = 10 at zero temperature the system is maximally entangled. As
the temperature increases, |ψ4〉 will be mixed with the excited state, so the concurrence
and QD monotically decreases from one to zero and uncertainty bound increases from
zero to its maximum two. In Fig.1(c) we have r > k0/4, the ground state of the quantum
dot is |ψ2〉, so the concurrence and QD is zero at zero temperature. This state will be
mixed with excited state by increasing temperature. So, at first the concurrence and
QD increases and then decreases.
In Fig.2, we have plotted EUB, concurrence and QD versus parameter k0 for
different value of temperature. As can be seen, the EUB start from non-zero value for
k = 0 and reaches to zero for large value of k0. It is observed that at fixed temperature
the concurrence and QD increases with increasing the parameter k0. From Figs. 2(a)
2(b) and 2(c), it is observed that by increasing the temperature the EUB reaches to zero
for larger value of k0. It can also be seen that at fixed temperature when k0 = 0 the
state of the quantum dot is |ψ2〉, so the concurrence and QD of quantum dot is zero.
While for large value of k0 at fixed temperature the state of the quantum dot is |ψ4〉
and the concurrence and QD is equal to one.
In Fig.3, we have plotted EUB, concurrence and QD versus magnetic field B0 for
different value of temperature. In Fig.3(a), at zero temperature for B0 = 0 the state of
quantum dot is |ψ4〉 while by increasing B0 the state |ψ4〉 will be mixed with the excited
state, so the concurrence and QD monotically decreases from one to zero while EUB
increases and reaches to fixed value. In Fig.3(b), at T = 1 the state of quantum dot
is partially mixed entangled state while for large value of B0 at this temperature the
state is |ψ2〉 and the entanglement and QD is zero. From Fig. 3(b) it is also observed
that the EUB reaches to fixed value for large amount of magnetic field. Finally from
Figs. 1(a), 1(b) and 1(c), it is observed that the QD and concurrence decreases with
increasing temperature while EUB increases with increasing the temperature.
6. conclusion
In this work we studied QMA-EUR and quantum correlations in a quantum dot system.
We used concurrence and QD as practical criteria for quantum correlations. We studied
the effect of temperature, the energy difference between the singlet and the triplet states,
and the magnetic field on EUB, concurrence and QD. It was shown that the EUB can be
reduced by decreasing the temperature. The situation for quantum coherence is quite
different, it grows by reducing the temperature. It is observed that the EUB decreases
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with increasing the parameter k0, while concurrence and QD increases with increasing
this parameter. In studying the effects magnetic field B0 on EUB it was observed that
EUB grows by increasing the amount of magnetic field and after touch the summit, they
become less to get a steady value for larger value of external magnetic. The concurrence
and QD decreases with increasing magnetic field.
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